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Pe3ztome. B cmamusama ce uzgedxcoa kpumepuii Ko2a eOHA KPAUHOMEPHA KOMYMAmMueHa noiynpocma
aneebpa Hao ancebpuuno 3ameopero noie F e uzomopgna xamo F -ancebpa na epynosa ancebpa
FG wa xpatina abenesa epyna G xamo maxa ce dasa yacmuyrno peuienue na Ilpoorem 1 na Brauer.
H3scneoea ce cmpykmypama Ha KpatHOMepHume KOMYyMamueHy noaynpocmu aneebpu Hao noiemo R
Ha peannume uyucaa. Oceen moea ce usgexncoa HeoOXO0UMO U O00CMAMBUHO YClogue eoHa
KpPauHOMepHa KoMymamuena aieeopa nao noiemo R 0a e uzomopgua xamo R -ancebpa na maxos
epynosa aneebpa.

Knwuoeu dymu: xpatinomepna komymamuena anzedpa,; epynoga anzedopa,; u3omMop@huzom Ha anceopu;
peanna MOwHOCM Ha aneebpa

1. Introduction

In the present paper we examine the structure of the finite-dimensional commutative
semisimple algebras over an algebraically closed field or over the field R . We give a criterion
for a finite-dimensional commutative semisimple algebra over an algebraically closed field F
to be isomorphic as an F -algebra to a group algebra FG of a finite abelian group G . Thus,
we give a partial solution to Brauer's Problem 1 (Brauer 1963). We consider the structure of
finite-dimensional commutative semisimple algebras over the field R and we describe it up to
isomorphism. We define the concept real cardinality of a commutative semisimple algebra
over R and we give a necessary and sufficient condition for such algebra to be isomorphic as
an R-algebra to a group algebra RG of a finite abelian group G . Moreover, we find a
necessary and sufficient condition for a finite-dimensional commutative algebra over R to be
isomorphic as an R -algebra to some group algebra.

If G is a finite multiplicative abelian group, then we denote G[2]= {g eG ‘ g° :1} in
the whole paper.
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2. Structure of a finite-dimensional commutative semisimple algebras
over an algebraically closed field

In the theory of group algebras the following fact which is a partial case of the result
of (May 1971) is well known:

If G and G are torsion abelian groups and F is an algebraically closed field of
characteristic 0, then the group algebras FG and FG are isomorphic as F -algebras if and
only if |G| = G|.

We prove the following result:

Proposition. Let F be an algebraically closed field and A be a commutative semisimple
algebra over F with dim_ A=n (ne N). Then A is isomorphic as an F -algebra to the
group algebra FG of the abelian group G of order n.

Proof. To the finite-dimensional commutative semisimple F -algebra A we apply the
structural theorem of Wedderburn (Gluhov, Elizarov, Nechaev 2003, Pierce 1986, Lam 2001)
and we get

A=M, (F)em, (F)®..eM, (F),

where nf +n; +...+n =n. Since A is a commutative algebra, then M, (F) is a commutative

algebra for each i =12,...,s. Therefore, n, =1 for i =12,...,s, which leads to

AZzFOF®..0F,
where the number of the direct addends is n.
On the other hand, according to (Passman 2011), if G is an abelian group of order n,
then
FGzFO®OF®...®F,
where the number of direct addends is equal to the order of the group G . Therefore, A is
isomorphic to the group algebra FG as an F -algebra.

Using this proposition in the case when F is the field C of the complex numbers, we
give a partial solution to the following Brauer's Problem 1 (Brauer 1963): what are the
possible complex group algebras of finite groups?

3. Structure of finite-dimensional commutative semisimple algebras
over the field of the real numbers

There are a number of researches of the infinite-dimensional commutative semisimple
algebras over the field R of the real numbers. Important results for such group algebras are
obtained by Berman (Berman 1967) who finds a full system of invariants of a group algebra
of infinitely countable torsion abelian group over the field R. Berman and Bogdan (Berman,
Bogdan 1977) generalize this result for arbitrary infinite abelian groups. The normed
multiplicative group of a group algebra of an abelian p -group over the field R is described

by Mollov (Mollov 1984).
In this section we will examine the structure of the finite-dimensional commutative
semisimple algebras over the field of the real numbers.

Theorem 1. Let A be a finite-dimensional commutative semisimple algebra over the field R .
Then

28



A=R®..®OR®C®..®C. 1)

Proof. Let dim; A=n (n e N). According to the structural theorem of Wedderburn (Gluhov,
Elizarov, Nechaev 2003, Pierce 1986, Lam 2001) applied to the semisimple algebra A we get

A=M (D)eM, (D,)®..eM (D,), (2)

where andimR D, =n and D, are algebras with a division over R for i =12,...,s. Since
i=1

A is a commutative algebra, then M, (D;) are commutative algebras. Therefore, n; =1 for
each i=12,...,s and by the theorem of Frobenius (Pontryagin 1986, Pontryagin 1987) it can
be deduced that D, =R or D, =C for i =1.2,...,s, i.e. (1) holds.

Note 1. Obviously the cardinality of the algebra A and the number of direct addends R in (1)
determine A up to isomorphism.

Definition. Let A be a commutative semisimple algebra over the field R and dim; A=n
(ne N). We call the number r, of the direct addends R in the decomposition (1) a real
cardinality of A.

Theorem 2. Let A be a finite-dimensional commutative semisimple algebra over the field R,
and G be a finite abelian group. Then the algebra A is isomorphic as an R -algebra to the

group algebra RG if and only if dim; A=|G| and the real cardinality r, of A is equal to

G[2].

Proof. Necessity. Let A be isomorphic as R-algebra to the group algebra RG. Then
dim; A=dim; RG :|G|. We shall prove that the real cardinality r, of A (i.e. the real

cardinality r,, of RG) is equal to |G[2]| The group algebra RG by the condition of the
theorem is semisimple. Then RG = ZRGeZ, where e, are different minimum idempotents

of RG, which correspond to the characters y of the group G. The real cardinality r,; of
RG is equal to the number of those characters y:G — R™ with the property gy =+1 for
each geG. Let G=(g,)x..x(g,)xH is the decomposition of G in direct product of
primary groups where (g;) are cyclic 2-groups (i=1,...,s) and 2 does not divide |H|, i.e.
|G[2]|:25. For the direct factor H there is a single character y, with the mentioned
properties, namely hy, =1 for each he H . For each of the direct factors (g;) there are two
different such characters y,, and y,, namely g¢,r,=1 and g,y, =-1. Therefore, the
number of all characters y of G with the property gy =+1 for each geG is 2° :|G[2]|.
Since the case G = H s trivial, then the proof of the necessity is complete.

sufficiency. Let dim, A=|G| and the real cardinality r, of A is equal to |G[2]. In order to

prove that A is isomorphic as R -algebra to the group algebra RG it is enough, according to
Theorem 1, to prove that dim; A=dim; RG and the real cardinalities of the two algebras are
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equal, i.e. r,=ry . The first condition, i.e. dim; A=dim,RG, can be obtained from
dim, RG =|G|. The second condition holds, since in the necessity we proved that ry, =[G[2].

Note 2. Let G and G be finite abelian groups. We can give by using the condition of
Theorem 2 the following necessary and sufficient condition for an isomorphism of the group
algebras RG and RG:

The group algebras RG and RG of the finite abelian groups G and G over the field
R are isomorphic as R -algebras if and only if |G| :‘5‘ and |G[2] = ‘(_3[2]‘

The last result is a partial case of the result of Berman and Bogdan (Berman, Bogdan
1977).

Theorem 3. Let A be a finite-dimensional commutative algebra over the field R. Then A is
isomorphic as an R -algebra to some group algebra over R if and only if the following
conditions are satisfied:

(1) A issemisimple algebra;

(ii) r,=2',where t is non-negative integer;

(iii) r, divides dimg A.

Proof. Necessity. Let A be isomorphic as an R -algebra to the group algebra RG for some
group G. Since A is finite-dimensional and commutative, then G is a finite abelian group.
The algebra RG by the theorem of Maschke (Pierce 1986, van der Waerden 1990, Lang
2002) is semisimple which implies that A is semisimple, i.e. (i) is fulfilled.

The equality rA:|G[2]| is fulfilled. Consequently, r, =2'for some non-negative

integer t. In this way (ii) is proved.
Since [G[2] divides |G|, where |G| =dim, A, and according to Theorem 2 r, =|G[2]
holds, then r, divides dimg A, i.e. (iii) is fulfilled. The necessity is proved.

Sufficiency. Let the conditions (i), (ii) and (iii) hold. The condition (i) and Theorem 1 imply
that the decomposition (1) holds, i.e.
A=zR®..®R®C®..®C,

where, by (ii), the real cardinality of A is r, =2'. We denote by n=dim. A. Let G be an
arbitrary abelian group of order n whose 2-component is decomposed in direct product of t
cyclic groups. The existence of such group when t >1 is given by conditions (ii) and (iii). In
the case t=0 we get n=1+2c,, where c, is the number of the direct addends C in the
decomposition (1) of A. As n is an odd integer, then each abelian group G of order n

satisfies the condition for the 2-component. When we apply Theorem 2 to A and RG we get
that A= RG as R -algebras. The proof of the sufficiency is completed.
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