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Pestome. Pewenu ca HAKOU HelUHeUHU OUCKPEMHU HepABEeHCMBA 3d HeUu38eCcmHa (QYHKYUs, KOAMO e
nogoucnama Ha cmenen. OCHOGHAMA XAapaKMepUCMuKa HA pasieicoaHume HepageHcmed e
NPUCLCMEUETNO HA MAKCUMYMA HA HeU38eCmHaAma QYHKYUs 8 npeouuier UHMmepeai om epeme, a oo
maka u HeluHeuHOmMo NPUCLCMEUe HA Heu3gecCmHama GYHKYus 6 0eeme CmMpaHu Ha HEPABeHCmEamd.
Lupexmrnomo npunosicenue Ha noayueHume pesyamamu e umoCmpupano 6bpxy KOHKpemHu npumepu
3a ughepenunu ypasHenus ¢ MAKCUMyMU.

Knrouoeu oymu: ouckpemnu nepaseHcmea, Makcumym, OughepeHyHu ypaeHe s,

Preliminary Notes

A very useful apparatus in the theory of difference equations are difference
inequalities (Agarwal 2000), (Sheng, Li 2008). These inequalities are discrete analogous of
integral inequalities of Gronwall and Bihary types (Stefanova, Gluhcheva 2009), (Stefanova
2011). We will solve some discrete inequalities in which the unknown function will be
involved nonlinearly with its maximum value over a previous time interval.

Let R, =[0,+o), N, ={a,a+lLa+2,..}, N, , ={a,a+1,..., B}, where a < g are
integers. In the proof of our main results we will use the following Lemma.

Lemma 1. (Agarwal 2000, Theorem 4.1.1) Let u,a,b, f :N_ — R, and for all neN_ be

n-1
satisfied u(n)Sa(n)+b(n)Zf(s)u(s). Then for all neN_ the inequality

u(n)<a(n)+ b(n)ni a(s) f (s) ﬁ (1+b(r) f(r)) holds.

r=s+1

Main Results

Theorem 1. Let the following conditions be fulfilled:
1. The function a:N, — IR, is nondecreasing.
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2. The function b: N, > R, .
3. The function ¢:N_, ;, >R, and max (p(k))” <a(0), where heN; and p=>1 are

keN[_h 1]
given numbers.
4. The functions L, M :N xR, — R satisfy

0<L(n,x)—L(n,y)<M(n,y)(x—y) for x>y,
B(n):b(n)+M[n,l—ﬂj+M(n,l—ij<1 for ne N, (1)
p p
where q € (0, p] is a constant.
5. The function u:N_, — R satisfies the inequalities

p(n)<a(n)+2{b(s)up(s)+L(s u“(s))+ L(s max u(k))} for neN, (2

keN [s-h,s]
u(n) < e(n) for neN_, 4. (3)
Then for n e N, the inequality

u(n)s{a(n)+1 B(n )+ZA( )B(s)l_[1 B0 )} (4)

s=0
holds, where

A) =Zn:{a(s)b(s)+a(8){|\/| [s,l—%j”" (S - gﬂﬂ(s 1‘%} L[S 1_%} ©

Proof. Define a function z:N , — R by the equalities

Zn:{b(s)up(s)+L(s uq(s))+L(s max u(k)j} for neN,,

Z(n): s=0 keNps_n o1
0 for neN_, 4.

(6)

From the definitions of the functions b(n), u(n)and L(n,x) we can conclude that z(n) is
nondecreasing in N_, and

a(n)+z(n) for neN,,
uf(n) < )
" (n) for neN_, 4,
L i
i.e. max uP(k)<a(n)+z(n) forneN,. Using the inequality «’p®<—+=, where
€N[ynng p q

a>0, p>0and i+1=1,We observe for neN,

1

max u(k) < {a(n)+ z(n)}% ={a(n)+ z(n)}%lp’(p‘l’ < %[ p—1+a(n)+z(n)] (8)

keNpn-n,ny

and from (7) for ne N, we obtain

1

u’(n) <{a(n)+ z(n)}p = {a(n)+z(n)}p/q 1(PrNpl-D < = [p q+ga(n)+qz(n]. (9
Then from (8), (9) and g < (0, p] we get
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L(n,uq(n))sLLn,l—%+a(n)+z(n)j, L(n max u(k))<L[n 1—%+a(n)+z(n)j (10)

keNpnn,ny

Using (6), (7), (10) and condition 4 of the theorem for n e N, we get

z(n) < i{b(s)[a(s) + z(s)]j{m (s,l—%]+ M (s,l—%ﬂ[a(s) +12(s)]+ L(s,l—%j+ L(s,l—%j}

= A(n) +Zn: B(s)z(s),

or
A(n) 1 &

z(n s)z(s),

(n)< 1-B(n) T B()Z (s)z(s)

where A(n)and B(n) are defined by (5) and (1), respectively. According to Lemma 1 and
using the inequality in (7) for n e N, we obtain (4).

O
Theorem 2. Let the following conditions be fulfilled:
1. The conditions 1, 2, 3 of Theorem 1 are satisfied.
2. The condition 4 of Theorem 1 is satisfied, where B(n) =b(n)+ M (n, 1—%) <1.
3. The function u:N , - R, satisfies the inequalities
uf(n) <a(n) +Z{b(s)u P(s)+ L(s max u(k))} forneN,, (11)
u(n) <e(n) 1[‘or ]n eN, 4 (12)

Then for n e N, the inequality (4) holds, where

A(n) = Z{a(s)b(s)Jra(s)M( 1_—j+ L( ,1_i)}.

p p

In the partial case L(n, x) =w(n)x we obtain:

Corollary 1. Let the following conditions be fulfilled:
1. The conditions 1, 2 and 3 of Theorem 1 hold.
2. The function w:N; —> R and b(n)+2w(n) <1 for neN,.

3. The function u:N_, - R, satisfies the inequalities

u”(n)<a(n) +Zb(s)u P(s)+w(s)u’(s) +W(S) max u(k)} forne N, (13)

s=0 [ —h.s]
u(n) < ¢@(n) for neN_, 4. (14)
Then for n e N, the inequality

1

A(n) i 1 P
u(n)s{a(n)+1_b(n)_2v\l(n Z(;A(s)[b(s)+2w(s)]l_[1 R ZW(I’)} (15)

holds, where

A(n) = Zn: {a(s)b(s) +a(s)2w(s) +w(s) (2 — “—qj}
s=0 p
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Let additionally p=g=1. In this case we obtain:
Corollary 2. Let the conditions 1 and 2 of Theorem 1 hold.
1. The function ¢:N_, , —R, and maX, .y, p(k) <a(0).
2. The function w:N, - R, and b(n)+w(n) <1 for neN,.
3. The function u:N , — R, satisfies the inequalities
u(n) <a(n) +Z b(s)u(s) +w(s) max u(k)i forneN,, (16)

s=0 [s -h,s]
u(n) < ¢@(n) forneN_, 4. a7
Then for neN,

a(n) 1
u(n)gl—[b(n)+w( ] ;}a(s) b(s)+w(s)]H o) )] (18)
Example 1. Let
u (n)<C+Z Sl{u (s)+u?(s)+ max u(k)} for neN,, C>0,
keN[s—h 5] (19)

u(n)<4C forneN_, 4.

Apply Corollary 1 for a(n)=C, b(n)=w(n)= 1 In this partial case we obtain the

4n+l '

inequalities A(n):(£+ijzig(c 5) B(n) = 3 3and L <4. Therefore,

4 16)= 4 12 -2 1)
for neN,
u(n)£4C+4(C+£j+n§‘(C+i Eﬁ434{/(;(5+4"+1)+§(1+4")_
12) = 12 )14 3

Example 2. Let the inequalities

u*(n) /u(n)£C+Zn:4sl+l{ (s)«/u(s + max u(k)} forne N,

Nis-n, 51 (20)
u(n) < ?/CZ forneN ,
hold, where C >0 is a constant.
We will apply Theorem 2 for p=4.5,q=0, a(n)=C, b(n) =w(n) = 1 In this

4n+1 )

partial case we obtain the inequalities A(n) = (ZC +gjz 4:51 < %(ZC +gj B(n) = 2 g%
s=0

=1+1L <2
1-B(n) 4m -2
Therefore, for ne N,

u(n)gi/{m%(zc%}:_:é(zm j]‘[z} <«.</{ (7+277)+ ;‘71(1+2”)}2.
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Applications

Let the function r:N, — N _, be given and there exists a positive integer h such that
:n—h<r(n)<n for neN,.
Consider the following difference equation with “maxima”

up(n)=u"(n—1)+f(n,u(n),kmax u(k)j for neN,, (21)

€Npr(ny, n]

with initial condition

u(n) =p(n) forneN, 4, (22)
where u:N | - R and p e[1,+o0) is a constant.
Theorem 3. (Upper bound) Let the following conditions be fulfilled:
1. The function f:N,xRxR —R satisfy the condition | f(n,x,y) |s w(n)| x|* +w(n)|y|,
where w:N,; —(0,0.25) and q (0, p] is a constant.
2. The function ¢: N, ,, »>R.

Then for ne N, the inequality

o |-

1+q
Crl-y 1 1 n 1
lu(n)l<{CP + P_ 2o 42N s+ 1)[ (23)
1-2w(n)(n+1) 2 p = r—s 1—2w(r)
holds, where C = max (p(k)‘.
€8 -n, 1)

Proof. The function u(n) for ne N, satisfies

(u(n))pz(kmax ¢(k))p+if(s,u(s), max u(k)).

eNLn, 1 s=0 keNp(s), 1

Then for ne N, we obtain

[u(n)|P<CP +Zn: f (s,u(s),k max u(k))

Nprs), 51
Thensince N, SN i, We getfor ne N,

<CP’ +Zn:{w(s) [u(s)|* +w(s) max lu(k) |}.

s=0 €Njr(s), 5]

umP<c? +i{w<s) [u(s) [ +w(s) max_|u(k) |}. (24)

s=0 [s-h, s]

We will apply Corollary 1 for a(n) =CP?, b(n) =0, L(n,x) =w(n)x. Then

A(n) ={2C" +2—“—q}iw<s) s{ch +2—1+_q}”7+1
Y s=0 p

and _ 1 < 2and from (24) we obtain (23).
1-2w(n)
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