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1. Introduction

In the paper we consider linear differential impulse equations in an arbi-
trary Banach space. There are founded relations between the spectra of w-limit
operators and the general exponents of inhomogeneous linear differential im-
pulse equations in an arbitrary Banch space.

2. Problem statement
Let X be an arbitrary complex Banach space with identity I. We consider
following impulse differential equation:

(1) i—f =At)x fort#t,
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(2) z(th) = Quz(t,) forn=1,2,..

where z(t) € X (t>0), At): X =X (t>0), Qp: X — X (neN).

By L(X) we shall denote the space of all bounded operators operating in
X.

We suppose the validity of the following condition (H) :

H1. A(t) € L(X) (t > 0), where the operator-function A(t) is continuous
extendable for every interval [t;,¢;41] (j € N),

H2. Q, € L(X) (n € N),

H3. ¢, < tpy1 (n € N),limt, = oo (n — o).

By W(t, s) we shall denote the Cauchy operator of (1), (2).

Definition 1. ([6]) By general exponent x, of the impulse differential
equation (1), (2) we shall denote the greates lower bound of all numbers p,
such, that for every solution x(t) = W (t,to)xo of (1), (2) holds the inequality

lz(t)|| < Npe?®D|z(7)|| (t>7>0)

where the number N, do not depend from the choice of the initially value of
Xo -

We shall note, that in [6] are found necessary and sufficient conditions for
Xg < 00.

Definition 2. ([6]) The operator C' : X — X we shall call w-limit for
the operator-function A(t)(t > 0), if there exists a sequence &, — oo(n — o)
for which A(&,) — C (n — o0).

Definition 3. ([6]) We shall say that the operator-function A(t)(t > 0)
satisfies the condition Se 1,(e, L > 0), if there exists a number T > 0 such that
by s,t > T,|s —t| < L the inequality ||A(s) — A(t)|| < € holds.

Definition 4. ([6]) We shall say that the operator-function A(t)(t > 0)
is stationary on infinity, if it satisfies the condition S, j, by any arbitrary small
€ > 0 and any positive L > 0.

Definition 5. ([6]) We shall say that the operator-function A(t)(t > 0)
is compact, if every sequence {A(t,)} has a subsequence, which is convergent
to some element of L(X).
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3. Main results

Lemma 1. Let ¢(t)(t > 0) be a nonnegative scalar piecewise continuous
function with discontinuities of the first kind at the points t,,, v(t) is a local
intergable nonnegative scalar function, and ¢ > 0 , d; > 0 are constants. Let
the following inequality holds

to<t; <t

o Zcr Y Biplt)+ [e(ru(rdr (to20)

Then the following estimate is valid
t
J v(r)dr
p(t)<ec H (1+ Bi)e

to<t;<t

Proof. We consider operator K, operating in the space D(R,X) of all
piecewise continuous function with discontinuities of the first kind at the points
t,, with its values belongs to X, and defined by the formula

to<t:<t

(KD = Y felt) + [ elrlr)dr

It holds the inequality ¢(t) < 1(t), where 9 (t) is a solution of the equation

to<t; <t

bWy =ct S Bt + / b(r)o(r)dr

It may be directly shown, that

f' v(r)dT
P(t) =c H (14 Bi)ero

to<t;<t

Lemma 1 is proved. (I

We consider following nonhomogenous impulse differential equation :

3) iit” — A+ f(t) fort£t,
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(4) r(th) = Qnx(ty) +h, forn=12 ..
where f(t) € X,h, € X (n=1, 2, ...).

Lemma 2. Let the operators Q, *(n € N) exist and @, € L(X).
Then the solution of the equation (3), (4) is determined by the formula

W(t,t0+)z0+jt’W(t,r)f(r)dr+ > Wt t;H)h; Lt >t

.T(t) _ to to<t; <t
- t
Wit toN)zo + [W(t,T)f(r)dr — Y. W(t,t;N)h; ,t<ty
to t<t;<to

The proof of Lemma 2 is obtained by directly calculation.
Let Wi(t,s)(k = 1,2)(a < s,t < b) are the evolution operators of the
impulse equations respectively

i—f = A (t)x fort#t,
z(t)) = Quz(t,) forn=1,2, ..
and d
d—f = Ay(t)x  fort#t,

z(th) = Qua(t,) forn=1,2, ...
Lemma 3. Let there exist constants N > 0 and v, € R such, that
[Wi(t,s)|| < Ne™t(=9) (0 < s,t < b)
Then the follow estimate holds

N [ 1141 ()~ Az ()| g
e s

[Wi(t, 5)[] < Nem (=) 1+ T lles - sl

s<t;<t

Proof. It is sufficient to proof the lemma only for the case a = s = 0. The
operator Va(t) = Wa(t,0) is solution of the initialy impulse equation

% —A1W2 (AQ—Al)WQ fOI‘t?étn

Va(t)) = QuVa(tn) + (Qn — Qu)Va(ts) forn=1,2,..
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Va(0) = I

Let consider the equation

% — A X =F(t) fort#t,
X)) = QnX(ty) + (Qn — Qu)Valt,) forn=1,2,..

X(0) =1,

where F(t) = (Aa2(t) — A1(t))Va(t). Following Lemma 1 for X (¢) there holds
the presentation

X() = Wi (t,0) + / Wi (t, 7)(As(r) — As (r))Va(r)dr+

0
+ Y Wit tM)(Q5 — Q)Valty)
0<t;<t
ie.
Vg(t) = W1(t, 0) + / Wl(tﬂ')(Ag(T) - Al(T))VQ(T)dT+
0

+ > WAt tM)(Q; — Q)Valty)

0<t; <t

Let o(t) = [[Va(t)ll, p(t) = [|A2(t) = Ai(D)]], ¢; =1|Q; — Q|- Then for ¢(t)
we get the estimate

¢
(5)  @t) < Nem™' + N/eful(H)Z?(T)w(T)dT + ) e ge()
A to<t;<t
The proof of Lemma 3 follows from (5) and Lemma 2. O

Theorem 1. Let the conditions hold:
1. The impulse equation (1), (2) has negative general exponent, i.e. there
exist positive constants N, v for which the estimate holds

(6) W (t,7)|] < Ne™"(=7) (0<7<t<o0)
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2. The operator-function A(t)(t > 0) satisfied the condition S, j, by suffi-
cient small € and large L.

3. The operators Q,(n € N) are surections and have bounded reverse
Q, "', i.e. there exist numbers q,, > 0 for which are fulfilled the estimates

|@nzll = gn  (n €N, [[z]| =1)

4. (QIql+l'~~Qn—lqn)7l < Kex® ’ where the pOthS qi, qi+15 -+, q9n—1,9n lie in
the interval [a,b] with lenght = w, x is a constant and v > x .

5. At)Qn = QrA(t) (neN,t>0).

Then the spectra of all w-limit operators of the operator A(t) are in the
halfplane ReA < —vy (v > 0).

Proof. Let C € L(X) is an arbitrary w-limit operator of the operator A(t),
i.e. there exist a sequence {7} for which A(7;) — C (k — o0) in the space
L(X), i.e. by sufficient small § > o and large k the estimate holds

(7) |A() = Cll <0
But from other side by sufficient large & it holds the estimate
(8) [A(7) —A@)|| <e (e <t<m+L)
Hence by sufficient large k from (7) and (8) it follows the inequality
[|[A(t) - C|l <e+d (mm<t<m+L)
Applying Lemma 3 for the equation (1), (2) and for the impulse equation

(9) %:Cx for t #t,

(10) z(t]) = Qua(t,) forn=1,2,..

with the corresponding evolution operator Wi (t,7)(s = 7%,t = 7 + L) we
obtain the estimate

(11) ||W1(t73)‘| S Ne*l/LeNL(6+5)
ie.
(12)  [[eCt-t)Q, eCllntaD, 1 QueCti=9)|| < Ne—+EeNLete)
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where t;_1 < s <t <t, <t <tlp41.
From condition 5 of Theorem 1 follows the equality CQ,, = Q,,C, then we
obtain

(13) 1QnQn—1--Qur1Que || < Ne VEeNL(etd)
From conditions 3 and 4 of Theorem 1 follows the inequality
(14) Inn—1-- Qi) |eCF]| < Ne™'"
ie.

1e“H| < Ne™ " (gngn—1--qriaa) ",

where v = v — N(e+9). Following Lemma 2.2 [8] the spectre Sp(CL) is lieing
in the halfplane
C ReA < N —x) = (N x) = (- P EN 4= N(e+6) ),
ie.

Rel < —(—1EN 4} — Ne— N6 - y)

By sufficient small €, and sufficient large L there holds the inequality

In KN

vy = +v—Ne—N§—x>0

Theorem 1 is proved. (|

Remark 1. Theorem 1 still holds, if there exist numbers n’ € N,t,a > 0,
such that the conditions 3 and 5 of Theorem 1 are fulfilled only by n > n’,t > t/,
and condition 4 by a > a'.

Corollary 1. Theorem 1 still holds, if the conditions 1, 2, 5 of the
Theorem 1 are fulfilled and the condition

(15) 1+ ] lQn -1l < Kex
tn€la,b]

holds for every interval [a,b] with lenght < w, (a is large enough), where K
and x are constants and v > x.

Proof. Analogously to the proof of the Theorem 1 by sufficient large k& we
obtain the inequality

JA@) - Cll<e+d (m<t<m+L)
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We apply Lemma 3 for the impulse equation (1), (2) and the ordinary differ-
ential equation

dx

(s = T4,t = 7 + L) and obtain the estimate

(17) le“H |l < Ne7? M@+ TT 11, —111)

Te<t; <Tk+L

From the estimates (15), (17) follows the estimate
1€ < NKe "' Lext = NKe /=),

where v/ = v — N(e+ ).
Corollary 1 is proved. O

By C(A(t)) we shall note the set of all w-limit operator of the operator-
functions A(t), and by B(A(t)) - the set of the general exponents of the equation

dx
E S CLE
x(t:{) = Qnz(tn) (n€N),

where C € C(A(?)).

Theorem 2. Let the operator-function A(t)(t > 0) is compact and
stationary on infinity.

Then x4 = XA(t)s

where X, is general exponent of (1), (2) and x 4y = sup{k : k € B(A(t))}.

Proof. Let consider the impulse equation

(18) i—f =(A@t)z+ X))z fort #t,

(19) o(ty) = Qua(tn) (n€N)

It is not difficult to check, that the impulse equation (18), (19) has a
general exponent x, + A and X A(p)4a1 = XA@) T A

From Theorem 8 [6] and Theorem 1 follows, that the numbers x, + A and
XA(t) T A can be negative only together, i.e. x4 = xa(1)-

Theorem 2 is poved. O
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HAKOU CBOMICTBA HA XAPAKTEPUCTUYHUTE
ITOKA3ATEJIN HA UMITYJICHN JUPEPEHIIUAJIHA
YPABHEHUA B BAHAXOBO ITPOCTPAHCTBO

A. Teopruena, X. Kuckunos
Peszrome. B paborara € BbBeIEHO TIOHATUETO W-IPAHUYHEI oniepaTopu. Ha-
MEPEHU Ca BPb3KU MEXK/Iy CIEKTPUTE Ha W-TPAHUYHUTE OTIEPATOPU U PeHEepaJi-

HOTE TMOKA3aTEe N Ha JIMHEHHN UMITYJICHE Ju(EPEHITNAHA YPABHEHUS B IPOM3-
BoJiHo BanaxoBo mpocTpaHCTBO.
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