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1. Introduction

In the paper we consider linear differential impulse equations in an arbi-
trary Banach space. There are founded relations between the spectra of ω-limit
operators and the general exponents of inhomogeneous linear differential im-
pulse equations in an arbitrary Banch space.

2. Problem statement

Let X be an arbitrary complex Banach space with identity I. We consider
following impulse differential equation:

(1)
dx

dt
= A(t)x for t 6= tn
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(2) x(t+n ) = Qnx(tn) for n = 1, 2, ...

where x(t) ∈ X (t ≥ 0), A(t) : X → X (t ≥ 0), Qn : X → X (n ∈ N).
By L(X) we shall denote the space of all bounded operators operating in

X.
We suppose the validity of the following condition (H) :
H1. A(t) ∈ L(X) (t ≥ 0), where the operator-function A(t) is continuous

extendable for every interval [tj , tj+1] (j ∈ N),
H2. Qn ∈ L(X) (n ∈ N),
H3. tn < tn+1 (n ∈ N), lim tn = ∞ (n →∞).
By W (t, s) we shall denote the Cauchy operator of (1), (2).

Definition 1. ([6]) By general exponent χg of the impulse differential
equation (1), (2) we shall denote the greates lower bound of all numbers ρ,
such, that for every solution x(t) = W (t, t0)x0 of (1), (2) holds the inequality

||x(t)|| ≤ Nρeρ(t−τ)||x(τ)|| (t ≥ τ ≥ 0)

where the number Nρ do not depend from the choice of the initially value of
x0 .

We shall note, that in [6] are found necessary and sufficient conditions for
χg < ∞.

Definition 2. ([6]) The operator C : X → X we shall call ω-limit for
the operator-function A(t)(t ≥ 0), if there exists a sequence ξn → ∞(n → ∞)
for which A(ξn) → C (n →∞).

Definition 3. ([6]) We shall say that the operator-function A(t)(t ≥ 0)
satisfies the condition Sε,L(ε, L > 0), if there exists a number T > 0 such that
by s, t ≥ T, |s− t| ≤ L the inequality ||A(s)−A(t)|| < ε holds.

Definition 4. ([6]) We shall say that the operator-function A(t)(t ≥ 0)
is stationary on infinity, if it satisfies the condition Sε,L by any arbitrary small
ε > 0 and any positive L > 0.

Definition 5. ([6]) We shall say that the operator-function A(t)(t ≥ 0)
is compact, if every sequence {A(tn)} has a subsequence, which is convergent
to some element of L(X).
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3. Main results

Lemma 1. Let ϕ(t)(t ≥ 0) be a nonnegative scalar piecewise continuous
function with discontinuities of the first kind at the points tn, v(t) is a local
intergable nonnegative scalar function, and c ≥ 0 , di ≥ 0 are constants. Let
the following inequality holds

ϕ(t) ≤ c +
∑

t0<ti<t

βiϕ(ti) +

t∫

t0

ϕ(τ)v(τ)dτ (t0 ≥ 0)

Then the following estimate is valid

ϕ(t) ≤ c
∏

t0<ti<t

(1 + βi)e

t∫
t0

v(τ)dτ

Proof. We consider operator K, operating in the space D(R,X) of all
piecewise continuous function with discontinuities of the first kind at the points
tn, with its values belongs to X, and defined by the formula

(Kϕ)(t) =
∑

t0<ti<t

βiϕ(ti) +

t∫

t0

ϕ(τ)v(τ)dτ

It holds the inequality ϕ(t) ≤ ψ(t), where ψ(t) is a solution of the equation

ψ(t) = c +
∑

t0<ti<t

βiψ(ti) +

t∫

t0

ψ(τ)v(τ)dτ

It may be directly shown, that

ψ(t) = c
∏

t0<ti<t

(1 + βi)e

t∫
t0

v(τ)dτ

Lemma 1 is proved. ¤

We consider following nonhomogenous impulse differential equation :

(3)
dx

dt
= A(t)x + f(t) for t 6= tn
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(4) x(t+n ) = Qnx(tn) + hn for n = 1, 2, ...

where f(t) ∈ X, hn ∈ X (n= 1, 2, ...).

Lemma 2. Let the operators Qn
−1(n ∈ N) exist and Qn

−1 ∈ L(X).
Then the solution of the equation (3), (4) is determined by the formula

x(t) =





W (t, t0+)x0 +
t∫

t0

W (t, τ)f(τ)dτ +
∑

t0<tj<t
W (t, tj+)hj , t ≥ t0

W (t, t0+)x0 +
t∫

t0

W (t, τ)f(τ)dτ − ∑
t<tj<t0

W (t, tj+)hj , t < t0

The proof of Lemma 2 is obtained by directly calculation.
Let Wk(t, s)(k = 1, 2)(a ≤ s, t ≤ b) are the evolution operators of the

impulse equations respectively

dx

dt
= A1(t)x for t 6= tn

x(t+n ) = Qnx(tn) for n = 1, 2, ...

and
dx

dt
= A2(t)x for t 6= tn

x(t+n ) = Q̃nx(tn) for n = 1, 2, ...

Lemma 3. Let there exist constants N > 0 and ν1 ∈ R such, that

||W1(t, s)|| ≤ Ne−ν1(t−s) (a ≤ s, t ≤ b)

Then the follow estimate holds

||W1(t, s)|| ≤ Ne−ν1(t−s)e
N

t∫
s

||A1(τ)−A2(τ)||dτ
(1 +

∏
s<tj<t

||Qj − Q̃j ||)

Proof. It is sufficient to proof the lemma only for the case a = s = 0. The
operator V2(t) = W2(t, 0) is solution of the initialy impulse equation

dV2

dt
−A1W2 = (A2 −A1)W2 for t 6= tn

V2(t+n ) = QnV2(tn) + (Q̃n −Qn)V2(tn) for n = 1, 2, ...
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V2(0) = I

Let consider the equation

dX

dt
−A1X = F (t) for t 6= tn

X(t+n ) = Q̃nX(tn) + (Q̃n −Qn)V2(tn) for n = 1, 2, ...

X(0) = I,

where F (t) = (A2(t) − A1(t))V2(t). Following Lemma 1 for X(t) there holds
the presentation

X(t) = W1(t, 0) +

t∫

0

W1(t, τ)(A2(τ)−A1(τ))V2(τ)dτ+

+
∑

0<tj<t

W1(t, tj+)(Q̃j −Qj)V2(tj)

i.e.

V2(t) = W1(t, 0) +

t∫

0

W1(t, τ)(A2(τ)−A1(τ))V2(τ)dτ+

+
∑

0<tj<t

W1(t, tj+)(Q̃j −Qj)V2(tj)

Let ϕ(t) = ||V2(t)||, p(t) = ||A2(t)− A1(t)||, qj = ||Q̃j −Qj ||. Then for ϕ(t)
we get the estimate

(5) ϕ(t) ≤ Ne−ν1t + N

t∫

0

e−ν1(t−τ)p(τ)ϕ(τ)dτ +
∑

t0<tj<t

e−ν1(t−tj)qjϕ(tj)

The proof of Lemma 3 follows from (5) and Lemma 2. ¤

Theorem 1. Let the conditions hold:
1. The impulse equation (1), (2) has negative general exponent, i.e. there

exist positive constants N, ν for which the estimate holds

(6) ||W (t, τ)|| ≤ Ne−ν(t−τ) (0 ≤ τ ≤ t < ∞)
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2. The operator-function A(t)(t ≥ 0) satisfied the condition Sε,L by suffi-
cient small ε and large L.

3. The operators Qn(n ∈ N) are surections and have bounded reverse
Qn

−1, i.e. there exist numbers qn > 0 for which are fulfilled the estimates

||Qnz|| ≥ qn (n ∈ N, ||z|| = 1)

4. (qlql+1...qn−1qn)−1 ≤ Keχω , where the points ql, ql+1, ..., qn−1, qn lie in
the interval [a, b] with lenght = ω, χ is a constant and ν > χ .

5. A(t)Qn = QnA(t) (n ∈ N, t ≥ 0).
Then the spectra of all ω-limit operators of the operator A(t) are in the

halfplane Reλ ≤ −ν0 (ν0 > 0).

Proof. Let C ∈ L(X) is an arbitrary ω-limit operator of the operator A(t),
i.e. there exist a sequence {τk} for which A(τk) → C (k → ∞) in the space
L(X), i.e. by sufficient small δ > o and large k the estimate holds

(7) ||A(τk)− C|| < δ

But from other side by sufficient large k it holds the estimate

(8) ||A(τk)−A(t)|| ≤ ε (τk ≤ t ≤ τk + L)

Hence by sufficient large k from (7) and (8) it follows the inequality

||A(t)− C|| < ε + δ (τk ≤ t ≤ τk + L)

Applying Lemma 3 for the equation (1), (2) and for the impulse equation

(9)
dx

dt
= Cx for t 6= tn

(10) x(t+n ) = Qnx(tn) for n = 1, 2, ...

with the corresponding evolution operator W1(t, τ)(s = τk, t = τk + L) we
obtain the estimate

(11) ||W1(t, s)|| ≤ Ne−νLeNL(ε+δ)

i.e.

(12) ||eC(t−tn)QneC(tn−tn−1)Qn−1...Qle
C(tl−s)|| ≤ Ne−νLeNL(ε+δ)
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where tl−1 < s ≤ tl < tn < t ≤ tn+1.
From condition 5 of Theorem 1 follows the equality CQn = QnC, then we

obtain

(13) ||QnQn−1...Ql+1Qle
CL|| ≤ Ne−νLeNL(ε+δ)

From conditions 3 and 4 of Theorem 1 follows the inequality

(14) qnqn−1...ql+1ql||eCL|| ≤ Ne−ν′L

i.e.
||eCL|| ≤ Ne−ν′L(qnqn−1...ql+1ql)

−1
,

where ν′ = ν−N(ε+ δ). Following Lemma 2.2 [8] the spectre Sp(CL) is lieing
in the halfplane

Reλ ≤ ln KN
L −(ν′−χ) = −(− ln KN

L +ν′−χ) = −(− ln KN
L +ν−N(ε+δ)−χ),

i.e.
Reλ ≤ −(− ln KN

L + ν −Nε−Nδ − χ)
By sufficient small ε, δ and sufficient large L there holds the inequality

ν0 = − ln KN

L
+ ν −Nε−Nδ − χ > 0

Theorem 1 is proved. ¤

Remark 1. Theorem 1 still holds, if there exist numbers n′ ∈ N, t, a > 0,
such that the conditions 3 and 5 of Theorem 1 are fulfilled only by n ≥ n′, t ≥ t′,
and condition 4 by a ≥ a′.

Corollary 1. Theorem 1 still holds, if the conditions 1, 2, 5 of the
Theorem 1 are fulfilled and the condition

(15) 1 +
∏

tn∈[a,b]

||Qn − I|| ≤ Keχω

holds for every interval [a, b] with lenght ≤ ω, (a is large enough), where K
and χ are constants and ν > χ.

Proof. Analogously to the proof of the Theorem 1 by sufficient large k we
obtain the inequality

||A(t)− C|| < ε + δ (τk ≤ t ≤ τk + L)
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We apply Lemma 3 for the impulse equation (1), (2) and the ordinary differ-
ential equation

(16)
dx

dt
= Cx

(s = τk, t = τk + L) and obtain the estimate

(17) ||eCL|| ≤ Ne−νL(ε+δ)(1 +
∏

τk<tj<τk+L

||Qj − I||)

From the estimates (15), (17) follows the estimate

||eCL|| ≤ NKe−ν′LeχL = NKe−L(ν′−χ),

where ν′ = ν −N(ε + δ).
Corollary 1 is proved. ¤
By C(A(t)) we shall note the set of all ω-limit operator of the operator-

functions A(t), and by B(A(t)) - the set of the general exponents of the equation

dx

dt
= Cx

x(t+n ) = Qnx(tn) (n ∈ N),

where C ∈ C(A(t)).

Theorem 2. Let the operator-function A(t)(t ≥ 0) is compact and
stationary on infinity.

Then χg = χA(t),
where χg is general exponent of (1), (2) and χA(t) = sup{k : k ∈ B(A(t))}.

Proof. Let consider the impulse equation

(18)
dx

dt
= (A(t)x + λI)x for t 6= tn

(19) x(t+n ) = Qnx(tn) (n ∈ N)

It is not difficult to check, that the impulse equation (18), (19) has a
general exponent χg + λ and χA(t)+λI = χA(t) + λ.

From Theorem 8 [6] and Theorem 1 follows, that the numbers χg + λ and
χA(t) + λ can be negative only together, i.e. χg = χA(t).

Theorem 2 is poved. ¤

42



Some properties of the characteristic exponents of impulse . . .

References

[1] Bainov D., Kostadinov S., Mishkis A., Bounded and Periodic Solutions of
Differential Equations with Impulse Effect in a Banach Space, Diff. and
Int. Equations, V.1, N.2, (1988), 223-230.

[2] Bainov D.D., Simeonov P.S., Systems with impulse effect. Stability, theory
and applications, Ellis Horwood, (1989), pp.253.

[3] Daleckii Y.L., Krein M. G., Stability of solutions of differential equations
in Banach space, AMS, Books and Journals in Advanced Mathematics,
(1974) pp. 386.

[4] Millman V.D., Myshkis A.D., Of the stability of motion in the presence of
impulses, Sibirski Math. Zhurnal, 1, (1960), 233-237 .

[5] Samoilenko A., Perestyuk N., Differential Equations with Impulse Effect,
Kiew, Vissha Skola, (1987), pp. 287.

[6] Zabreiko P., Bainov D., Kostadinov S., Characteristic Exponents of Im-
pulsive Differential Equations in a Banach Space, International J. of the-
oretical Physics, V.27, N.6, (1988), 731-743.

[7] Zabreiko P., Bainov D., Kostadinov S., Stability of the general exponent of
nonlinear impulsive differential Equations in a Banach Space, International
J. of theoretical Physics, V.27, N.3, (1988), 373-380.

[8] Zabreiko P., Bainov D., Kostadinov S., Lp-equivelence of impulsive equa-
tions, International J. of theoretical Physics, V.27, N.11, (1988), 1411-
1424.

Faculty of Mathematics and Informatics Received 18 October 2010
University of Plovdiv
236 Bulgaria Blvd.,
4003 Plovdiv, Bulgaria
e-mails: georgieva@uni-plovdiv.bg, kiskinov@uni-plovdiv.bg

43



A. Georgieva, H. Kiskinov

НЯКОИ СВОЙСТВА НА ХАРАКТЕРИСТИЧНИТЕ
ПОКАЗАТЕЛИ НА ИМПУЛСНИ ДИФЕРЕНЦИАЛНИ

УРАВНЕНИЯ В БАНАХОВО ПРОСТРАНСТВО

А. Георгиева, Х. Кискинов

Резюме. В работата е въведено понятието ω-гранични оператори. На-
мерени са връзки между спектрите на ω-граничните оператори и генерал-
ните показатели на линейни импулсни диференциални уравнения в произ-
волно Банахово пространство.
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