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ON THE UNIT GROUPS OF
COMMUTATIVE MODULAR GROUP ALGEBRAS

Velika N. Kuneva, Todor Zh. Mollov

Abstract. Let G be an abelian group and R be a commutative ring
with identity of prime characteristic p. Denote by RG the group algebra
of G over R, by V(RG) the group of normalized units in RG, by G the
p-component of G, by tG the torsion subgroup of the group G and by
R, the p-component of the unit group R* of the ring R. We prove that
if G is a direct factor of V(RG), then V(RG)/G is a p-group if and only
if the pair (R, G) satisfies exactly one of the following conditions (*):

1) G =Gp;

2) G # Gp,tG = G, and the ring R is indecomposable;
3)p=3,R"=(-1) x R3,G = A X G3,|A| =2 and

4)p=2,R* = R},G = AxGq,|A| = 3 and the equation X*+ XY 4+Y? =
1+ N(R) has only the trivial solutions in the quotient ring R/N(R), where
N(R) is the nil-radical of R.

Let R be a direct product of m commutative perfect rings R; and let
G be a direct factor of V(R;G), i=1,2,..m. Then we give a complete
description, up to isomorphism,

(i) of the maximal divisible subgroup of V(RG) if every pair (R;, G),
i=1,2,...m, satisfies exactly one of the conditions (*) and

(ii) of V(RQG) if V(R:G)/G, i=1,2,..m, are simply presented p-groups
and the ring R is without nilpotent elements.
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1. Introduction

Let RG be the group algebra of an abelian group G over a commutative
ring R with identity. Denote by U(RG) the multiplicative group of RG and by
S(RG) the Sylow p-subgroup of the group V(RG) of normalized units in RG,
that is the p-component of V(RG). The investigations of the group S(RG)
begin with the fundamental papers of Berman (1967a and 1967b) in which
a complete description of S(RG), up to isomorphism, is given when G is a
countably infinite abelian p-group and R is a countable field of characteristic p
such that if G is not a restricted direct product of cyclic groups, then the field
R is perfect. Further Mollov (1977 and 1981) calculates the Ulm-Kaplansky
invariants f,(S) of the group S(RG) when G is an arbitrary abelian group
and R is a field of positive characteristic p. Let R be a commutative ring with
identity of prime characteristic p. Nachev and Mollov (1980) calculate the
invariants f,(S) with the only restriction G to be an abelian p-group. Nachev
(1995) calculates the invariants f, (S) without restrictions on G. Moreover, in
all indicated cases the authors give a full description, up to isomorphism, of
the maximal divisible subgroup of S(RG).

Let G be an abelian p-group and let K be a perfect field of characteristic p.
May (1988) proves that S(KG) is simply presented if and only if G is a simply
presented abelian p-group. Therefore, if G is a simply presented abelian p-
group, then the Ulm-Kaplansky invariants f,(.5) of the group S(KG) together
with the description of the maximal divisible subgroup of S(KG) give a full
description, up to isomorphism, of the group S(KG).

Kuneva (2006) gives a description of the maximal divisible subgroup of
V(RG) when G is a p-mixed abelian group and the ring R is a direct product
of n commutative indecomposable rings with identity of characteristic p,n € N.

Using a result of May, Mollov and Nachev (2010) and May (2008), Mollov
and Nachev (2010a) give a full description, up to isomorphism, of the group
V(RG) when R is a direct product of m perfect fields of characteristic p, m € N,
G is a p-mixed abelian group, Gy, is simply presented and either (i) G is splitting
or (ii) G is of countable torsion free rank.

The present paper continues the mentioned investigations of Mollov and
Nachev (2010a) of V(RG).

2. Some concepts and preliminary results

We recall some well known definitions. Let G be an abelian group and
p be a prime. The group G is called p-mixed if the torsion subgroup of G is
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p-primary. We use the signs [ [ and II for a mark of a coproduct of groups and a
direct product of groups (algebras), respectively. Denote by [[ G a coproduct of

« copies of G, where « is a cardinal number. It is not hard tg see that if « is an
ordinal, then (G,)?" = (GP"),. Hence we can denote GL~ = (G,)P" = (GP"),,.
The abelian group terminology is in agreement with the books of Fuchs
(1970 and 1973).
Let R be a commutative ring with identity. We denote R(p) = {r € R|rP =
0}. The group algebra RG is called modular if the characteristic of R is a prime
number p. The following results are well known.

Lemma 2.1. (Kuneva, Mollov and Nachev, 2009) If G is an abelian group
and R is a commutative perfect ring with identity of prime characteristic p, then
G is p-balanced in V(RG).

The following result is due to Nachev (1995).

Theorem 2.2. If R is a commutative ring with identity of prime char-

acteristic p,lG is an abelian group and « 1s the first ordinal with the property
RP" = RP"" and GP° = GP" , then

dS(RG) = [[ 2(p™),
A

where
1) X = maxz(|R"|,|GP"|), if GE” # 1;
2) A = maz(|R" (p)|,|GP"), if GE" = 1,GP" # 1 and RP" (p) # 0 and
3) A =0, that is dS(RG) = 1, inga =1 and either GP* =1 or R?" (p) =

Let R;,7 € I, be a system of rings and let G be an arbitrary group. If
a € (e R;)G, then

a= Z agg, ag € lier Ry,
9€Gaq

where G, is a finite subset of G. Mollov and Nachev (2010) note that G, and
the system {a4|lg € G,} are defined identically from the element a. Besides,
ag = (..., g, ...) where a4 € R; for every i € I and every g € G,. They define
a map

(2.1) @ (e Ri)G — e (RiG)
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by

(2.2) p(a) = (.. Y agig,...).

9g€Ga

It is not hard to see that ¢ is a natural injective homomorphism of R-
algebras.

Proposition 2.3. (Mollov and Nachev (2010a)) The homomorphism (2.1)
of R-algebras, defined by (2.2), is an isomorphism of R-algebras if and only if
either I is a finite set or G is a finite group.

Proposition 2.4. (Kuneva, Mollov, Nachev (2009)) ”Let G be an abelian
group and let R be a finite commutative ring with identity of prime charac-
teristic p without nilpotent elements. If a is any ordinal and GP* is finite,
then

Fa(S/Gp)) = fa(S) = fa(Gy),
fa(S) = (IGP"| = 2|GP" | + |G*" " |)log,|R. 7

Theorem 2.5. (Danchev (2004, Theorem 6, (i) ”Suppose 1 # G is an
abelian group and R is an unitary perfect commutative ring without nilpotent
elements in prime characteristic p . Then ...

(ii) If |R| > Rg or |GP"| > Ry for some ordinal o,

max(|R|,|GP"[) when |GE'|#1 and GP" # G
o+1

-(S(RG)/G),) = ) -
1o (S(RG)/Gy) {07 when G =1 or GV =GP 7

3. Main results

Theorem 3.1. Let G be an abelian group and let R be a commutative
ring with identity of prime characteristic p. Suppose that G is a direct factor
of V(RG). Then V(RG)/G is a p-group if and only if G satisfies exactly one
of the following four conditions (*):

1) G=Gy;

2) G # Gp,tG = G, and the ring R is indecomposable;

3)p=3,R*=(-1)x R;,G=AXGs,|A| =2 and
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4)p=2,R*=R;,G = AxGy|A| =3 and the equation X>+ XY +Y? =
1+ N(R) in the quotient ring R/N(R) has only the trivial solutions in R/N(R).

Proof. Necessity. Let V(RG)/G is a p-group. Since G is a direct factor of
V(RG) then V(RG) = G x T. Consequently, ' =~ V(RG)/G is a p-subgroup
of V(RG). Therefore, T C S(RG) and V(RG) = GT C GS(RG) C V(RG).
Hence V(RG) = GS(RG). By a result of Mollov and Nachev (2010b) exactly
one of the conditions (*) holds.

Sufficiency. Let G satisfies exactly one of the conditions (*). Consequently,
by a result of Mollov and Nachev (2010b), V(RG) = GS(RG) is fulfilled and

V(RG)/G = GS(RG)/G = S(RG) /Gy,
that is V(RG)/G is p-group. O

Corollary 3.2. Let R be a commutative ring of prime characteristic p
and G be a direct factor of V(RG). Then V(RG)/G is a p-group if and only
if V(RG) = GS(RG).

The proof follows directly by Theorem 3.1 and by results of Mollov and
Nachev (2010b). O

If exactly one of the conditions (*) holds then we shall say that the pair
(R, Q) satisfies exactly one of the conditions (*).

Proposition 3.3. Let G be an abelian group and let R be a commutative
perfect ring with identity of prime characteristic p. Then for the mazimal divis-
ible subgroup dT' of T = S(RG)/G, the following holds: if « is the first ordinal

such that G*" = G*""" | then dT = S(RG?")G, /Gy, dT = S(RG*")/GE" and

ar =[] zp™).
A

where
1) X = max(|R|,|GP"|), if GI" #1;
2) A = maz(|R(p)|,|GP"|), if G" =1, G*" # 1 and R(p) # 0 and
3)A=0, that isdT =1, if Gga: 1 and either GP" = 1 or R(p) = 0.

Proof. Since, by Lemma 2.1, G, is a nice subgroup of S(RG), then, as it
is in the article of Mollov and Nachev (2010a), we see that

dT = S(RG™)G, /G, = S(RG*")/GE".
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Therefore,
(3.1) dT = S(RG" )/GY .

(i) if GE” # 1 then, as it is in the paper of Mollov and Nachev (2010), we
see that case 1) of the proposition holds.
(if) Let GE” = 1. Then (3.1) implies

dT =~ dS(RGP")

and, by Theorem 2.2, we obtain cases 2) and 3) of the proposition. O

The following result gives a full description, up to isomorphism, of the
maximal divisible subgroup dV (RG) of V(RG).

Theorem 3.4. Let R be a direct product of m commutative perfect rings
R; of prime characteristic p, m € N and G be an abelian p-group. Suppose that
for every i = 1,2,....,m, G is a direct factor of V(R;G) and the pair (R;,G)
satisfies exactly one of the conditions (*). Then there exist p-subgroups T; of
V(R:G),i=1,2,...,m, such that

(3.2) VRG) =[G = [[T, T =S[RG)/G,.
m =1
and
(3.3) dV(RG) = [ dG x ] aT:.
m =1

a+1

Let o be the first ordinal with the property GP* = GP?
dT; = S(R;G?")G, /G, and dT; = S(R;GP")/GE".
Besides

. Then

(3.4) ar, = [ Z2(v™)
A

where
1) X = max(|R;|,|GP"|), if GB" # 1.
2) X\ = max(|R;(p)l,|G?"|), if Gg(x: 1, GP" #1 and R;i(p) # 0 and
3) A =0, that is dT; = 1, if Ggu =1 and either GP" =1 or R;(p) = 0.
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Proof. We obtain, by Proposition 2.3, RG = [[;~, R;G. Therefore

(3.5) V(RG) = ﬁ V(R:G).

i=1
Since G is a direct factor of V(R;G), then
(36) V(RlG) =G x Ti, Ti = V(RlG)/G
Since, by (*), V(R;G) = GS(R;G), then by (3.6),

T, = V(R,G)/G = GS(RiG)/G = S(R,G) /Gy,

so that T; is a p-subgroup of V(R;G) and the second formula of (3.2) holds.
Besides (3.5) and (3.6) imply the first formula of (3.2). Then (3.2) implies
obviously (3.3). Further the proof follows from Proposition 3.3. O

Theorem 3.5. Let R be a direct product of m commutative perfect rings R;
with identity of prime characteristic p without nilpotent elements, m € N and G
be an abelian p-group. Suppose that for everyi =1,2,....m, G is a direct factor
of V(R;G) and V(R;G)/G is a simply presented p-group. Then there exist
simply presented p-subgroups T; of V(R;G),i = 1,2,....,m, T; = S(R;G)/Gy,
such that (3.2) holds. Every group T; is described, up to isomorphism, by its
Ulm-Kaplansky invariants fo(T;) and by its mazximal divisible subgroup dT;.
The invariants fo(T;) are the following:

(a) if R; and GP" are finite, then

(3.7) Fa(T3) = (1G] = 2|G"" | +1G"" " Nogy | Ri| — fa(Gy).
(b) If either |R;| > No or |GP"| > Ry, then

maz(|R|,|G")), if |G| #1 and G £GP

3.8 O(TL: 3 . o o a1
(88) (L) {O, if either GE* =1 or GP =Gr.

For the mazimal divisible subgroup dT; of T; the following assertions hold:
if o is the first ordinal such that GP" = GP™"" then dT, = S(R;GP")/GE".
Besides for dT; formula (3.4) is valid where

1) X = max(|R;|,|GP"|), if GB" # 1.

2) X\ = max(|R;(p)l,|G?"|), if Gg(x: 1, GP" #1 and R;i(p) # 0 and

3) A =0, that is dT; = 1, if Ggu =1 and either GP" =1 or R;(p) = 0.
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Proof. The proof is analogously of the proof of Theorem 3.3 of the paper
of Mollov and Nachev (2010a). Namely, we obtain, by Proposition 2.3, that
RG =[]~ ,(R;G) and

m

V(RG) = [[V(RG).

Since V(R;G) = G x T; and T; is a p-group, then, by Corollary 3.2, V(R;G) =
GS(R;G). Hence

T; = V(R:G)/G = S(RiG)G/G = S(R,G) /Gy,

so that (3.2) holds. Since T; is simply presented, then it is described, up to iso-
morphism, by f.(7;) and dT;. In case (a) of the theorem, the invariants f, (7;)
are given by Proposition 2.4 and in case (b) — by Theorem 2.5. Consequently,
for fo(T;) (3.7) and (3.8) holds. Sinse T; = S(R;G)/G,, then Proposition 3.3
implies the indicated description of dT; O

Remark 1. For the calculation of the Ulm-Kaplansky invariants of the
group S(FG)/G, in the finite case, that is, in case (a) of Theorem 3.5, we use
Proposition 2.4, that is a result of Kuneva V. N., Mollov T. Zh. and Nachev
N. A. (2009) and we do not use the result of Danchev [2004a, Theorem 6, case
(i)], since the last result is inexact and it is not completed (see Kuneva V. N.,
Mollov T. Zh. and Nachev N. A. (2009)).

Remark 2. Let G and R be as in Theorem 3.5. In the paper of Mollov
T. Zh. and Nachev N. A. (2010a) the following is noted:

a) the description of d(S(RG)/G,) in the article of of Danchev (2004b) is
not given, up to isomorphism, although the author asserts the contrary and

b) the structures of S(RG) and V(RG) in the papers of Danchev (2004a
and 2004b) are not completely determined.

Therefore, the cases a) and b) of the Remark 2 imply that our Proposition
3.3 and Theorem 3.5 are no corollaries from the results of Danchev (2004a and
2004b).
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BBbPXY MVJITUIIVINKATUBHUTE I'PVYIIN HA
KOMYTATUBHU MOAVJ/IAPHU I'PYIIOBU AJITEBPUA

Bemuka H. Kynesa, Tomop 2K. Mosios

Pesiome. Heka G e abesieBa rpyma u R € KOMyTaTUBEH IPBbCTEH C €IUHUIA
u mpocta xapakrepuctuka p. Jla oznadnm ¢ RG rpynosara ajrebpa Ha G Haz R,
¢ V(RG)~- rpynara or Hopmupanute eguaunu 8 RG, ¢ G, — p-KOMIIOIIHEHTATA
na G, ¢ tG —nepuoguvara noarpyna na G u ¢ R — p-Kommonnenrara Ha MyJl-
TUILINKaTUBHATA rpyna R* Ha npbcrena R. B rtasu pabora joka3Bame, de ako
G e nupekren muoxkuren na V(RG), ro V(RG)/G e p-rpyna ToraBa u camo To-
raBa, Koraro nsoiikara (R, G) yJI0BJIeTBOPSIBA TOYHO €IHO OT CJIEJHUTE YCJIOBUS
(*):

1) G = Gy;

2) G # G,,tG = G, u upbcrensr R e HepasnoxuM;

) p=3,R*=(-1) xR;,G=AXxGs,|A|=2nu

4)p=2R*=R5G=Ax Gy, |A| =3 n ypasuenmero X2 + XY +Y? =
14+ N(R) uma camo TpuBuajHuTe pelleHus BbB dakrop-upbcrena R/N(R),
kbaero N(R) e Hur-pagukansT Ha R.

Axo R e JUPEKTHO Ipou3eIeHre Ha 17 KOMYTATHBHU Mep(EKTHU IPbCTe-
Hu R, u G e jqupekren muoxkuten Ha V(R;G), i=1,2,..m, TO JaBamMe II'bJIHO
OIUCAHME, ¢ TOTHOCT JI0 U30MOP(MUIBM,

(i) ma MakcuMmasHaTa jgenuma noarpyna #a V(RG), ako BcsKa JBOKA
(R;,G), i=1,2,...m, yJ0BJIETBOPsBA TOYHO €JHO OT ycaoBHATa (*) 1

(ii) ma V(RG), ako V(R;G) /G, i=1,2,...m, ca mpoCTO NPEJICTABEHN P-TPYTIN
U npbeTeHbT R e 6e3 HUJIMOTEHTHU eJIEMEHTH.
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